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ABSTRACT 



By explicitly identifying a basis valid for any number of electrons, we demon- 
strate that simple multi-quasihole wavefunctions for the v — 1/2 Pfaffian paired 
Hall state exhibit an exponential degeneracy at fixed positions. Indeed, we conjec- 
ture that for 2n quasiholes the states realize a spinor representation of an expanded 
(continuous) nonabelian statistics group SO{2n). In the four quasihole case, this is 
supported by an explicit calculation of the corresponding conformal blocks in the 
c = ^ + 1 conformal field theory. We present an argument for the universality of 
this result, which is significant for the foundations of fractional statistics generally. 
We note, for annular geometry, an amusing analogue to black hole entropy. We 
predict, as a generic consequence, glassy behavior. Many of our considerations also 
apply to a form of the (3,3,1) state. 
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1. Introduction 



The existence of exotic quantum statistics in the quantum Hall effect is well es- 
tablished theoretically for the classic Laughlin states and their hierarchical descen- 
dents. In these cases the statistics of the quasiparticles is one-dimensional (anyons). 
It is a fascinating question, whether more exotic possibilities for quantum statis- 
tics might occur in nature, and what might be their physical consequences. In a 
pioneering paper Moore and Read proposed, on the basis of subtle arguments from 
conformal field theory, that quasiparticles in the incompressible v — 1/2 Pfaffian 
paired Hall state obey non-Abelian statistics [1]. Blok and Wen considered other, 
more complicated, examples [2]. Here we shall extend, and we hope also clarify, 
the analysis of multi-quasihole states at v = 1/2. We shall also argue that impor- 
tant features of the analysis apply to a refined version of the (3, 3, 1) state, and to 
a class of interpolating states. In elucidating this application, we shall address a 
paradox posed by Ho [3]. 

We have been able to analyze model wave functions for these objects explicitly, 
so as to bring out their surprising mathematical structure: they not only realize 
a nonabelian representation of the braid group, but also naturally support a con- 
tinuous extension - the spinor representation of SO(2n) x (7(1) - of this group. 
We shall discuss this analysis in the next few sections, first building up from small 
numbers of quasiholes to the general result in an elementary but rigorous fashion, 
then suggesting a heuristic physical picture. In the case of the two degenerate 
four quasihole states, we give strong arguments in favor of the proposed statistics 
by finding the corresponding conformal blocks which make the braiding properties 
manifest. 

We will then argue that the most important qualitative features extracted from 
the idealized wave functions are universal. A key step involves interpreting the rel- 
evant conformal field theory as a strong-coupling fixed point of the renormalization 
group. This logic is of interest, we believe, even for the classic hierarchical states. 

The nonabelian statistics enforces a massive degeneracy of states, many of 
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which differ only with respect to subtle high order correlations. We expect there- 
fore slow approach to equilibrium, i.e. glassy behavior, as a generic qualitative 
consequence. Since large assemblages of quasiholes carve out real-space holes, an 
interesting analogue of black hole entropy is associated with the 'black disc' at the 
center of a paired Hall annulus. 



2. Ground State and Generalities 

In this and the immediately following sections we shall construct the space of 
states in which there are 2n quasiholes at fixed positions in the v — 1/2 Pfafnan 
paired Hall state, taking the standard trial wavefunctions literally. These trial 
wavefunctions are known to be exact zero-energy states of the three-body Hamil- 
tonian: 

and appear to be approximate eigenstates of certain quasi-realistic two-body Hamil- 
tonians [4]. They have the great advantage of being quite explicit and tractable. 
We will discuss the question of universality - that is, of robustness of the structure 
we shall uncover in the model framework against small changes in the Hamiltonian 
- in a later section. 

Let us recall that the relevant droplet wave function for the ground state takes 
the form 

= n(*i-^ 2 n e ~ NV4 - pf (7=7) ■ ^ 

j<k j \ j k J 

In this equation the last factor is the Pfaffian: one chooses a specific ordering 
z\,Z2,... of the electrons, chooses a pairing, takes the product of the indicated 
factor for all pairs in the chosen pairing, and finally takes the sum over all pairings, 
with the overall sign determined by the evenness or oddness of the order in which 
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the zs appear. The result is a totally antisymmetric function. For example for four 
electrons the Pfaffian takes the form 



+ + . 

Z\ — Z2 — Z± Z\ — Z3 Z4 — Z2 Z\ — Z4 Z2 — Zj, 

This state is reminiscent of the real-space form of the BCS pairing wavefunction; 
it is the quantum Hall incarnation of a p-wave superconducting state. As in a 
superconductor, there are half-flux quantum excitations. The state 

j<k j V z * Zk J 

(2.3) 

has half-flux quantum quasiholes at rji and 772- These excitations have charge e/4. 
One includes 2n quasiholes at points i] a by modifying the Pfaffian in the manner 



Pf -> Pf 



{zj - i]a){zj - r]p)...(z k - r] p )(z k - r] a )... + (j <-> k) 



Zj Zfc J y Zj Z^ 

'(2.4) 

In understanding this expression it is necessary to realize that the 2n quasiholes 
have been divided into two groups of n each (i. e. here a, (3, ... and p, a, ...), such 
that the quasiholes within each group always act on the same electron coordinates 
within an electron pair. There are apparently 

(2n)! 
2 n\n\ 

ways of making such a division; the factor 1/2 arising from the possibility to swap 
the two groups of n as wholes. Our immediate goal is to demonstrate that after 
linearly dependencies are taken into account the true dimension of this space of 
wave functions is actually 2 n ~ 1 , and to exhibit a simple canonical basis. 
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3. Four Quasiholes 



Consider first the case of four quasiholes. The basic identity that has to be 
taken into account is, in its most primitive form, 

(zi - vi)( z i - m){ z 2 - m)i z 2 - m) - (zi - m)(zi - m){z2 - m) ( z 2 - m) + (zi <-> z 2 ) 

= (zi - z 2 ) 2 (vi - m){m - m) ■ 

(3.1) 

It will be convenient to abbreviate the left-hand side to (12) (34) — (13) (24). Then 
we have as an immediate consequence of (3.1) the relation 

(i2)(34)-(i3)(24) {m-v^m-m) (32) 

(12)(34)-(14)(23) (vi-Vs)(V2-V4) ' 1 ' 1 

It is interesting that on the right-hand side the basic projective invariant of four 
complex numbers, the cross-ratio, appears. For present purposes, however, the im- 
portant point is simply that it is independent of the zs. An immediate consequence 
is that for two electrons and four quasiholes the three apparently different ways of 
constructing quasihole states are reduced to two through the relation 



(12)(34)(7 7l -7 7 2)(773-?74)+(13)(42)(r7i-773)(774-772)+(14)(23)(77i-r74)(772-r73) = . 

(3.3) 

Now we want to argue that (3.2) and (3.3) still hold good for any even number 
of electrons, N e . To see this we insert (3.1) into the Pfaffian of (2.4): 

/ (13)(24) (13)(24) 

Ft (13)(24) = A . . . 

\Zl-Z2 Z 3 - Z 4 

= A f (12)(34)-(z 1 -z 2 ) 2 r ]u V23 (12) (34) - (z 3 - z A ) 2 VuV2 3 

y z\ — z 2 Z3- Z4 

(3.4) 

where rjij =7]% — rjj and A denotes the instruction to antisymmetrize on the zs. If 
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we expand, 

(12) (34) - (zi - z 2 ) 2 riuri23 (12) (34) - (z 3 - z 4 ) 2 vuV23 



A 



= A 



Z\ — Z2 Z% — Z4 

(12)(34) (12)(34) ^ 

Z\ — Z2 Z3 — Z4 

(12)(34) 



(3.5) 



^4 (^1 - Z 2 )r]u7]23 



Zs - 2 4 



+ A[(zi- z 2 )r]uV23 x (z 3 - z 4 )r] U r]23 x ( 12 || 34 ) j + 

Z§ ^6 

there will be terms on the right hand side of (3.5) with zero, one, two, . . . , N e 
factors of ( Z{ — Zj ). Upon antisymmetrization, however, a term with k factors 
of {z{ — zj) would have to antisymmetrize 2k variables with a polynomial that is 
linear in each. Since this is impossible for k > 1, such terms vanish. Hence 

^/ (12)(34)-(^-2 2 )V^23 (12)(34)- (z 3 -z 4 ) 2 m ^ 23 

\ Z\- Z 2 23 - ^4 

Jwm MM ..) (3.6) 

y Zi - Z 2 Zs~ Z4 J 

A {< \ ( 12 )( 34 ) 

-A\{zi- z 2 )r]uV23 ^^^^ 

y Z3 — Z4 

Similarly, one has 

'(12)(34) (12)(34) 



Pf (14)(23) = -4 



Z\ ~ Z 2 Z3- 2 4 
+ A I ("-I • :2)'/l:i'/21 (12)( ' )J) 



(3.7) 



z 3 - Z\ 

From these we deduce the many-electron generalization of (3.1): 

Pf(12)(34) " Pf(14)(23) = ( Pf (12)(34) ~ Pf (13)(24)) • (3-8) 

This is a linear relation among the three pairing possibilities for two quasiholes. 
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It depends on their coordinates but - remarkably - takes the same form for any 
number of electrons. 



4. Six Quasiholes 

For six quasiholes, we find the identity: 

~ V16VM V ( 124 )( 356 ) " Pt (135) (246) J - ^t(124)(356) - ^t(145)(236)J + 

(Pf(124)(356) - Pf (146)(235)) + ( Pf (124)(356) ~ Pf (136)(245)) =0 

(4.1) 

in an obvious notation. That there should be an identity of this general type 
follows by arguments similar to those in the previous section, which will be gener- 
alized in the next section. The specific form of the coefficients was identified using 
Mathematica. 

Using this identity, and others related to it by permutations, one can express 
all ten states in terms of just four: Pf(i 35 )( 2 46), pf (136)(245), pf (145) (236) » pf (i46)(235)- 
These are the four in which f^fc-i never appears in the same macrogrouping with 

V2k- 

One can check that the remaining four states are independent. The determi- 
nant of the three linear equations whose solution yields (4.1) must vanish if these 
states are not independent. This determinant is: 

-2(771 - m)(m - m)(m - mfijii - m){m - - - m)(v5 - m) 

The asymmetry is due to the arbitrary choice of which of four variables is scaled 
out of the set of three homogeneous equations. 
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5. 2n Quasiholes 



5.1. Definition of the Preferred Basis 

To facilitate the analysis of the 2n quasihole case, it will be convenient to have 
a canonical set of 2 n ~ 1 states that - as we will demonstrate below - form a basis on 
the space of 2n quasihole states. The different quasihole wavefunctions of the type 
(2.4) can be written (r) a r]/3...)(r]pr] rT ...) in an obvious notation. Let us call these two 
groupings the macro-groupings. We can choose once and for all a reference pairing 
of the 2n quasiholes into n groups of 2. 

We take as our candidate, preferred basis the set of all macro-groupings such 
that the two members of a reference pair never belong to the same half of a macro- 
grouping. To be even more specific, we will choose the reference pairs to be the 
r} 2 j-i and 7] 2 j for j = 1, ...,n. 

After this we are left with 2 n_1 basis states - there are 2 n allowed macro- 
groupings, but those that differ by interchange of the halves do not represent 
distinct states. Let us call these states \I/ a , a = 1,2,..., 2 n ~ 1 , 



where S a is the symmetric polynomial in Z{, zj corresponding to the macro-grouping 
a. Consider one of the (2n)! / (2n\n\) — 2 n ~ 1 macro-groupings, x, which is not in 
this preferred set. Suppose the symmetric polynomial corresponding to x is S x . 
Take the 2 n_1 differences S x — S a . Each of these differences will be of the form: 



where P%-i is an antisymmetric polynomial of order n — 1 in z\ and Z2- To see this, 
observe that the left-hand-side of (5.2) must be symmetric in z\, Z2 since S x and 
S a are both symmetric. Combining this with the fact that S x (zi,zi) = S a (zi,zi), 




(5.1) 



S 



• X (Z1, Z 2 ) - S a (zi, Z 2 ) = (Zl - Z 2 ) P£-l(zi, Z2) 



(5.2) 
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we see that P%-i has the asserted properties. If we substitute this in the expression 
for \l/ a , we find: 



=A 



Z\ — Z2 Z% — 

'S x + (z 1 -z 2 )P-_ 1 S x + (z 3 - z 4 ) 

Zl - Z2 Z3- Z4 



=A[-^ ^- ...I (5.3) 

Z\ - Z 2 Zj, - Z\ 

M | P%- 1 (z 1 ,z 2 ) S ' 



Z 3 - Z4 



+A \ P^ 1 (z 1 ,z 2 ) x P r U(^z 4 ) x — Sl_ ... ) 

2:5 — ^6 



Now consider, in (5.3), the terms with k P®_iS. When antisymmetrized, such 
terms will have factors which are antisymmetric polynomials of order n — 1 in 2k 
variables. Such a polynomial will be non-zero only if k < n/2. Hence, (5.3) will 
have terms with zero, one, two, . . . , [n/2] P^^'s. The terms with I -P^-i's will be 
antisymmetric polynomials of order n — 1 in 21 variables; there will be (^) terms 
A{z\ x z% ... Z Pf) in the expansion of such a polynomial. 

Now consider the equation: 

$> a (M/ a - X )=0. (5.4) 



This actually represents 



[n/2] 



1=1 

equations since there are precisely this many terms in the expansions of the sur- 
viving polynomials in (5.3). Since there are also 2 n_1 c a 's, non-zero c a 's may be 
found for generic n's such that (5.4) holds. 
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If Y2 a c a 7^ 0, we will have expressed x m terms of our putative basis states. On 
the other hand, if ^2 a c a = for non-trivial c a , then (5.4) expresses a dependence 
among our putative basis states. Thus to complete the proof of completeness it 
suffices to demonstrate independence; to this demonstration we now turn. 

5.2. Independence of the Preferred Basis 

To prove that these states are all independent, we must show that the equation 



is satisfied only if c a = for all a. To show this, we will exploit our freedom to 
move the z's in order to set all of the ?/> a 's equal to zero except for one, t/j a *. Then 
for the equation (5.5) to be satisfied, we must have c a * = 0. Since this can be done 
for any ip a *, it will follow that the ^ a 's are linearly independent. 

The c a 's can be taken to be polynomials in the rj^s, since they arise by solving 
linear equations in powers of these variables. Hence if we can show that they van- 
ish in some open set in C 2n = {(771 , . . . , r)2 n )}, then we will know they vanish for 
arbitrary i]aS. With this in mind, we can focus on the special case in which the sep- 
arations between (771,773), (%,?77), (f79,f7ii),-, (774A;+i,774fe-i-3), etc. are much smaller 
than their distances to any other quasiholes. We have, for ease of presentation, 
supposed that the number of quasiholes is a multiple of four. 

If the members of a pair, say 771 and 773, occur in opposite macro-groupings for 
the state ip a , then ip a , considered as a function of any Z{, will have a zero close to 
the average of 771 and 773. In the limit in which we can consider all the other Zj's to 
be far away, this zero will be at z\ = (771 + 773) /2. If 771 and 773 are on the same side 
of the macro-grouping, however, then there need not be a zero near 771 and 773. 

Let us assume that there are at least half as many electrons as quasiholes. 
Then, we can put some Z{S near the zeroes of all of the states ip a except ip a * = 



2 




(5.5) 



a=l 
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(1357 . . .)(2468 . . .): specifically, we can put appropriately near 774^-3 and 774^—1- 
Since the zeroes of the ^> a 's lie near rji and 773; 7/5 and 777; 779 and 7711;...; 774^+1 and 
rj4k+3] etc. and the zeroes of ip a * do not, one expects - and we will demonstrate 
momentarily - that there is no danger of accidentally putting one of the z^s at a 
zero of ip a *. Hence, for this configuration of z^s (and any configuration of the 77 a 's 
such that the inter-pair distance is much larger than the intra-pair distance), ip a 
can be made as small as we please for all a 7^ a*. Hence, by our earlier arguments, 
c a * = 0. By considering other pairings of the ?7 a 's, we can show that c a = for all 
a. 

It only remains, then, to show that ip a * 7^ in the chosen configuration of 
z's. We will show this by evaluating it in a special case. Let us suppose that the 
number of electrons is exactly half the number of quasiholes and that all the r]2 r 
are very large compared to 77's with odd subscripts. Clearly, if we can show that 
the wave function does not vanish in this case then the general result for this or 
larger numbers of electrons will follow. For the present purpose we can simplify 
further by assuming 774 r _i = 774^3, and then of course z r — > 7747.-1 for 1 < r < k. 
In this very special configuration the factor inside the Pfafnan associated with 
ip a *(z r = 7747—1; z' r ) becomes the common symmetric factor 

k k 

f[(([v2s(z' r ~ V2s-l)) 
r—1 s=l 

times a factor which must be antisymmetrized: 



4 - 7? 4 fc-l ' 

Here the antisymmetrization is over the z n s and the 77's which appear. But this 
primeval Pfafnan certainly does not vanish. 



12 



5.3. Heuristic Interpretation 

It is profoundly significant that in this proof we needed to have a number of 
electrons which goes to infinity as the number of quasiholes does. Indeed, for a 
fixed number of electrons the number of independent 2n quasihole states (for fixed 
positions) can grow at most as a polynomial in n, as one readily sees by counting 
the available antisymmetric polynomials. Indeed it would be quite strange from a 
physical point of view, if a finite number of particles could support an arbitrarily 
large gas of quasiparticles with a finite entropy per quasiparticle. In a system 
of fixed size, there is a finite number of states in the lowest Landau level at any 
filling fraction. If there are N electrons and 2N + n flux tubes (ie. 2n quasiholes 
in a v = 1/2 state), there are (^^[")?iv! s ^ a ^ es i n the lowest Landau level. The 
multiquasihole degeneracy must, of course, be smaller than this number. 

A corollary is that the distinctions among the many degenerate quasihole states 
generally involve very high-order correlation functions among the electrons. 

One can understand the degeneracy from a physical point of view as follows. 
Let us imagine adding the quasiholes two at a time, bringing in new pairs from 
far away. Each electron in a pair sees half the existing quasiholes, say the set 
A or its complement A. Symmetry among the pairs guarantees that the same A 
and A are available to each electron. Now the two new quasiholes, say A and 
B, can be added to an expanded A, A in either of two ways: A + A, A + B or 
A + B, A + A. At the first step, when A and A are empty, these two choices are 
in reality the same, but at any subsequent stage they are inequivalent. This gives, 
by induction, 2 n_1 ways of building up the 2n quasihole state. One might wonder 
whether there might be additional possibilities for re-defining the pre-existing A, A 
to have unequal numbers of members, and adding both A and B to the smaller of 
them. Our analysis shows that this cannot happen; which corresponds to a form 
of clustering or closure: one can add distant pairs, without having to reconsider 
the local structure among the existing pairs. As one draws the quasiholes into 
more democratic configurations, with no clear grouping into well-separated pairs, 
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the factorized structure will be lost but the counting of independent states cannot 
change. 

Another way of regarding the multiplicity of quasihole states, at fixed positions, 
is as follows. We have seen that there is a dichotomic choice associated with each 
addition of a pair of nearby quasiholes to a pre-existing set. The two choices 
may be regarded as an effective spin, that may point up or down. Now if one 
imagines moving around all the quasiholes, so that new pairings are formed, the 
effective spin configurations must transform among themselves. The structure of 
the independent states suggests that they fill out a spinor representation; and we 
shall see that they do. 

6. Conformal Field Theory: Framework 

In this and the following two sections we shall connect our considerations on 
quasiholes to conformal field theory. This will enable us to exploit some powerful 
mathematical techniques for the model quasihole wavef unctions, and will shed 
considerable light on the question of universality. 

There are many reasons to believe that the appropriate effective theories to de- 
scribe incompressible quantum Hall states are Chern-Simons gauge theories. Since 
these theories do not contain any massless particles, they describe a unique ground 
state with a gap. They have the appropriate symmetries (violating P and T) and 
are the lowest dimension operators consistent with these symmetries; their low 
dimension makes them relevant in the renormalization group sense. Finally and 
most decisively, the point-like vortex excitations of the Chern-Simons theory carry 
the exotic quantum statistics, that characterizes the long-distance interactions of 
the quasiparticles [5]. 

The simplest such term, which is present in the low-energy theory of the gen- 
eralized hierarchical states is: 

C = K Ija y x d„a J x + a 1 ^ (6.1) 
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where jj is the current of quasiholes (and quasiparticles) of type I and the a^'s 
are the fictitious gauge fields of the low-energy theory. In the standard hierarchical 
states, the a 1 are Abelian fields. As is well-known, as a result of the Chern-Simons 
term, processes which move the quasiholes around and finally bring them back to 
their original positions cause the quantum state describing these quasiholes to be 
multiplied by phase factors which depend on the linking numbers of the particle 
trajectories. The state furnishes a one-dimensional representation of the braid 
group. 

In general, however, one may consider the possibility of non-Abelian Chern- 
Simons gauge fields appearing in the low-energy action. In this more general 
situation, there is typically not a unique state, but a multi-dimensional space 
of degenerate states, of quasiholes of specified types with fixed positions. The 
braiding of quasihole trajectories is represented by - possibly non-commuting - 
matrices acting on this space of degenerate states. As we shall elaborate below, the 
states that we constructed above describing 2n quasiholes in the Pfaffian state are 
perhaps the simplest example of such a situation - namely non-Abelian statistics 
- in the context of the quantum Hall effect. 

In a remarkable analysis of the connection between Chern-Simons theory and 
knot theory, Witten discovered, among other things, that the states of a 2+1- 
dimensional Chern-Simons theory with quasiholes at fixed positions are equal to 
the conformal blocks of correlation functions of corresponding operators in an as- 
sociated 1+1-dimensional conformal field theory [6]. As Moore and Read observed 
[1], the conformal blocks of certain correlation functions in conformal field theo- 
ries - being analytic functions - can be directly interpreted as wavefunctions of 
electrons in the lowest Landau level. From the connection between Chern-Simons 
theory and conformal field theory, it is clear that a conformal block of a correla- 
tion function in a conformal field theory is a representative of a universality class 
of lowest Landau level wavefunctions which have braiding properties described by 
the corresponding Chern-Simons theory. 
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In fact, we would like to propose that it is precisely these braiding proper- 
ties which characterize the universality class. One cannot expect the conformal 
blocks to describe precisely the low-lying eigenstates of any realistic Hamiltonian 
that supports the corresponding quantum Hall state, if for no other reason then 
because this description could not survive small perturbations. One expects that 
the realistic wave function will differ drastically from the ideal one whenever two 
particles approach one another, reflecting their non-universal short-range interac- 
tions. In conformal field theory the wave functions have no preferred length scale. 
The theory has in effect only ultra-short range interactions, encoded in the fusion 
rules, and otherwise is completely encoded in the braiding properties (which are 
constrained by the fusion rules). Small local perturbations which do not change 
the universality class will change the structure of the wavefunctions as particles ap- 
proach one another - within the range of the interaction projected onto the lowest 
Landau level, and therefore (for reasonable interactions) cut off at the magnetic 
length - but not the braiding properties involving paths such that particles never 
approach closely. 

Not all conformal field theories can produce sensible lowest Landau level wave- 
functions. A conformal block of a correlation function in an arbitrary conformal 
field theory will usually contain poles and may not even be a single-valued func- 
tion. Even if it is a normalizable wavefunction enforcing Fermi statistics on the 
electrons, it may not be the ground state of a positive-definite Hamiltonian. Fur- 
thermore, it is possible that several different conformal field theories yield the same 
quantum Hall ground state but different quasihole states and therefore different 
representations of the braid group, only one of which is realized in the quantum 
Hall effect. 

Despite these potential difficulties, there are examples of conformal field theo- 
ries for which the correspondence with a quantum Hall ground state and its con- 
comitant quasihole states (in other words, the zero-energy states of some model 
Hamiltonian) is complete. The simplest non-trivial example is provided by the 
c = 1 theory of a chiral boson, 0, with compactification radius r = y/m. This 
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yields the Laughlin state [1]: 

^f 1 ^ m = ( e i ^'f'( Zl ) g«J™4>{&*) _ _ _ e i\/rn4{z N ) e ~i J d 2 z ^/mp </>(z)^ = — Zj) m , 

i>j 

(6.2) 

which is known to be exact for appropriate ultra-local Hamiltonians. 

The last factor in the correlation function corresponds to a neutralizing back- 
ground (po is the electron density); without it, this correlation function would 
vanish. Its inclusion might appear to be a technical subtlety, but it is profoundly 
important. If we regard this factor as part of the action, the resulting theory 
will be nonunitary (with c < 0), since the neutralizing background provides an 
imaginary term in the action. As one consequence, the e*^"^ operator will have 
negative dimension; indeed it must, since the correlation function increases with 
separation. These points will be crucial in justifying the connection of conformal 
field theory braiding factors to Berry phases in the microscopic theory, formalizing 
the preceding heuristic discussion. 

The state with one quasihole is given by: 

1/m \ ' ' ' 

= n (** - 1) n & - z >r ■ (6,3) 

k i>j 

In other words, electrons are represented by the operator e 1 ^™^ while quasiholes 
are represented by e^. Multi-quasihole states can be obtained by a straight- 
forward generalization of (6.3). The braiding properties of electrons may be seen 
by inspection from the wavefunctions (6.2) and (6.3); the braiding properties of 
the quasiholes may be obtained from a Berry phase calculation [7]. These braid- 
ing properties are precisely those described by the abelian Chern-Simons theory 
associated with the c = 1 conformal field theory: 

C = ma^ X d u a x + a^f , (6.4) 

where j M is the quasihole current and an electron is simply an aggregate of m 
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quasiparticles. 

7. Conformal Field Theory: Application to Pfaffian State 

We will adopt the point of view that finding the appropriate conformal field 
theory allows us to identify the Chern-Simons theory describing the universal low- 
energy properties of the quantum Hall state. For the Laughlin and hierarchical 
states this back door approach is unnecessary, since the correct Chern-Simons 
theory can be found more directly - but for the Pfaffian state it will prove to be 
quite fruitful. 

As Moore and Read found [1], the Pfaffian state is given by a correlation 
function in a theory of a Majorana fermion, ip, and a chiral boson, <j> with c = \ + 1. 



*Pf = (^(*i),^(z 2 ) • • • il>(z N ) e iV ^^ e iV ^^ . . . e iV2<p(z N ) e -i f d 2 zV*ipoHz)) 



where a is the twist field of the fermion or, equivalently, the spin field in the Ising 



represent the quasihole is dictated by the condition that the wavefunction (7.2) 
be single-valued in the electron coordinates. They were unable to find an explicit 
form for the four- quasihole states, but observed that the conformal blocks of the 





(7.2) 



model interpretation of the c = ^ theory. The choice of the operator ae 2 ~ 2<p to 
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corresponding correlation function 



*S h = a ( r i2) <r(m) i>{zi),i>{z2) ■ ■ ■ ^{z N ) x 

e ^^i) e ^(v2) e ^<j>(v3) e ^<f>(m) x (7.3) 

e iV^4>{zi) e i^/24>{z 2 ) e iV2(f>{z N ) e ~i J d 2 z y/mp (f>(z)^ 

form a two-dimensional vector space. This is the same degeneracy which we found 
in the previous section. 

To make a more direct comparison with the wavefunctions of the previous 
section, we will need the explicit form of these conformal blocks. To calculate them, 
we use the bosonization approach of Itzykson and Zuber [8], which takes advantage 
of the fact that two independent copies of the c = \ theory are equivalent to a 
c = 1 boson. If we call the spin and Majorana fermion fields of our two c = \ 
theories o\, 02 and ipi, ip2, then we have the following bosonization formulas: 



(71(72 — > COS — (7.4) 



i\)\ ,R -> cos ip L;R (7.5) 

-> sin ip LjR . (7.6) 
The four-quasihole correlation function can be obtained from: 



((71 (71 (71 (71 Ipilpi . . . Ipi) ^02020202) = (COS ^ COS ^ COS ^ COS ^ COS <p R . . . COS lfi R ) 

(7.7) 

and 



((71 (7l (7l 0"l) (0"2 0- 2 0- 2 0- 2 ) = (o"i 0"i (7l 0-1) 2 = (cos - cos - cos - COS -) . (7.8) 

Equations (7.7) and (7.8) may be evaluated using Wick's theorem. Combining 
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them, we find: 



(<7l<7l ( 7l ( 7lVW---V'f} " ' 



V13V24: 



X 



l + y/l-x\ + \l-y/l-x\ 7712%3%4?741 

Pf'l — T-V3)(24)) + Pf( V)(23) I 



1*1 Pf (^V2)(34))) 



(7.9) 

where we have abbreviated 77^ = r) a — rjp, x is the cross-ratio, or anharmonic ratio: 

(m -m){m-m) 
(m - m)(v2 - m) 

and 

, VaKzi - vp) (zj - yjjzj - m) . 

-i/O 1 +{t J) - (7 - 10) 

We are interested in the conformal blocks, Tq, Fq, ^1/2^ ^1/2 °^ ^ ms correlation 
function, 

fa a x a x (7i V>f • • • V>f ) = rf(zi, Va)H(Vf3) + rf{zi, Va)^o(vp) (7.11) 
which satisfy the differential equations: 

'iSL.yf V 16 + 1 ±)-y( 1/2 + 1 A^y« = o 

3 dr & ^KiVa ~ Vp) 2 (Va-Vfi) drip J ^KiVa-Zi) 2 (r]a - Zi) dzi J J p 

(7.12) 

^ - V f 1/16 + 1 9 \\ jrt-O (713) 

, 3 ^ ^ Vfe - ^) 2 + (»?« - ifc) drip) ) P 1 J 

that follow from the degeneracy of the the spin fields at level 2 [9]. 
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This problem simplifies considerably because the Majorana fermions, ip, are 
purely right-handed, as we have already indicated in (7.11) and (7.13). Hence, 
these fields do not participate in the left-handed, or anti-holomorphic, part of the 
correlation function. The anti-holomorphic conformal blocks are functions only 
of the fjaS. By conformal invariance, their only non-trivial dependence is on the 
cross-ratio, x, so (7.13) may be reduced to an ordinary differential equation with 
solutions [9]: 

H=( mm Y (l + v^¥) 1/2 (7.14) 
V 7712772377347741/ V / 

, = / _mm L \ » /, _ ^ v» (7.15) 

1 V 7712772377347741/ V ' 
Substituting these anti-holomorphic conformal blocks into the right- hand- side of 
(7.11) and using the expression (7.9) for the left-hand-side, we find, by equating 
the coefficients of the different functions of x: 

1 

= 1 ( 77137724 \ 1 x 

0,1/2 (1 ± VI -x) 1 / 2 \ 7712772377347741/ 

m[—^—h (m A ± VT^Pf 



z 3 




Remarkably, the consistency of equations (7.9), (7.11), (7.14), and (7.15) which 
allows us to find these solutions depends upon the identity (3.8). For small numbers 
of electrons, we have checked, using Mathematica, that (7.16) satisfy the differential 
equations (7.12). Including, as well, the contribution of the c = 1 part of the theory, 
we find the four-quasihole wavef unctions: 



4 



= (xfj^l/2 ( *(13)(24) + * (14 )(23) ) (7.17) 



4 



77137724 

* (4gM/2) = ^/Y=xW I VT ^ ) ■ (7-18) 
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These wavefunctions are linear combinations of the ones we found earlier. 

We have not been able to calculate the conformal blocks corresponding to 2N 
quasiholes for N > 2. However, according to standard arguments, there are 2 N ~ 1 
conformal blocks since each pair of spin fields can fuse to form the identity or a 
fermion, a a ~ 1 + if) and the total number of ^'s in the correlation function must 
be even. We conjecture that these conformal blocks are simply a different - and, 
as we will argue below, particularly useful - basis for the wavefunctions which we 
enumerated earlier. 

8. Conformal Field Theory and Braiding 

To calculate the braiding properties of the quasiholes we must the calculate 
Berry phase matrix: 



where \if)j(t)) is a wavefunction in which one of the quasihole positions, rj a (t), 
traces out a loop around another quasihole as t is varied. These Berry phases 
will depend on the basis that we choose because we can take linear combinations 
of (7.17) and (7.18) with arbitrary 77-dependent coefficients. The physical, basis 
independent effect of braiding is the combination of the Berry phase matrix and 
the transformation properties that are manifest in the wavefunction. Consider the 
basis ^(13) (24) , ^(14)(23)- If we t & k e Vi around 772 in either of these wavefunctions, 
there is no effect. Hence, all of the effects of braiding quasiholes is contained 
in the Berry phase matrix. On the other hand, if we take 771 around 773 in the 
wavefunctions \I/( 4 9' 1 ' ), \]>( 4| 3 , M/2) ) avoiding the other quasiholes, they transform 
into each other because of the branch cut in y/rj[ — 773 within the y/1 — x factors. 
Of course, the Berry phase calculation in this basis will also be different than in 
the other basis. But the combined effect of the manifest transformation and the 
acquired Berry phase must be the same in both bases, since it is physically observ- 
able in interference between amplitudes involving such trajectories and unbraided 





22 



trajectories within a path integral. We will now argue for the hypothesis that: in 
the basis specified by the conformal blocks, there is no Berry phase and all of the 
transformation properties under braiding are manifest. 

Since the conformal blocks transform as the states of a Chern-Simons theory, 
this hypothesis must hold if the Chern-Simons theory describes the low-energy 
physics of the corresponding quantum Hall states. It was noted in [1] and especially 
[2] that it holds in a number of cases including the Laughlin states. Now we supply 
a general argument in its favor. 

The quantities which we would like to calculate and manipulate are integrals 
of the form: 

/ \\d 2 Zi Tp{r]' a ,Zi)Tp{fi a ,Zi) . (8.2) 
J i 

These provide effective wave functions - more precisely, off-diagonal density matri- 
ces - for the quasiholes. For ease of notation we shall drop the primes on the ?/'s; 
implicitly understanding that rj and fj should be regarded as independent variables. 
Such products of conformal blocks make up correlation functions, so we can rewrite 
(8.2) as: 

/ \\d 2 Zi {O q (rji, m) . . . O q (r) n , fjn) O e (zi, zi)... O e (z N , z N )) = 

(8.3) 

^(o q (m, m)- o q (vn, ifcOe* / **°-M) 

where O q and O e are the left-right symmetric versions of the quasihole and elec- 
tron operators. (In the case of the c = \ + 1 theory, O q = ffe'^ 2 ^ and 
Oe = MRe^.) 

As we have discussed before, (8.3) as written requires that we include the 
background charge operator, e~ % / d 2 V™-po<t>( z ) ; j n the action. Because of the back- 
ground charge, O e is actually an operator of negative scaling dimension. As we 
remarked earlier, this must be true if we want the correlation function to increase 
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with separation, which indeed we must require for a lowest Landau level wavefunc- 
tion. If we now include the term t J d 2 z O e (z, z) as a term in the action, as in 
(8.3), this strongly relevant operator will drive the theory to some strongly coupled 
fixed point. However, at a strongly coupled fixed point dominated by potential en- 
ergy terms we expect there to be a gap, and thus we expect that the correlation 
function (8.3) will approach a constant (possibly zero) independent of the r/s in 
the limit of well-separated r/'s. Of course, in this circumstance integrands appear- 
ing in the Berry phase calculation (8.1), will vanish, since the derivative acts on 
an ^-independent quantity. Therefore, in this basis the Berry phase contribution 
to the transformation properties of the wavefunctions are trivial. This argument 
provides, in a sense, a generalization of the plasma analogy that is valid for any 
lowest Landau level wavefunction arising as a conformal block in a conformal field 
theory. 

As we have seen in the preceding paragraphs, the dimensions of the spaces 
of conformal blocks in the c = \ + 1 conformal field theory coincide with the 
dimensions of the spaces of multi-quasihole states. In the case of the four-spin 
conformal blocks, we have shown that these are exactly the same as the four- 
quasihole wavefunctions (in a special basis). It is hard to resist the conclusion that 
the braiding properties of quasiholes in the Pfaffian state are precisely those of the 
Chern-Simons theory which corresponds to the c = \ + 1 conformal field theory; 
and thus that in this precise sense they embody nonabelian statistics. 

Finally we now display, for the record, the relevant Chern-Simons theory explic- 
itly. The c = 1 part of the theory corresponds simply to a U(l) Chern-Simons field 
with coupling constant fcj/m = 2. According to the Kac-Moody algebra coset con- 
struction of [11], the c = \ theory is equivalent to SU{2)\ x SU (2)i/ SU (2)2, where 
the SU{2)2 that is modded out is the diagonal subgroup of S77(2)i x SU{2)\. As 
Moore and Seiberg showed [10], the Gk/Hk' coset conformal field theory is equiva- 
lent to a Chern-Simons theory with G and H gauge fields with coupling constants 
k and —k', respectively. Hence the proposed Chern-Simons theory for the Pfaffian 
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state and its multi-quasihole states is: 

£ = al a e^d v a\ a + \f hc ^ X a\ a a\ h a\ c 

, 2 pAa 2 , 2 6c A 2 2 2 

+ a^ a e c^a Aa + e e a^ a a vh a Xc 
- 2[al a e^d v a\ a + ^ ab V- A a^ 6 a Ac ) 

where a Aa , a Aa , and a Aa are SU(2) gauge fields and c\ is a t/(l) gauge field. The 
interaction with quasiholes is specified by the representations of the three SU(2)'s 
and one U(l) in which they transform. The half-flux quasiparticles transform 
in the spin-0, ^, and | representations of the three S77(2)'s and the charge-^ 
representation of the U(l) (since it is \ of a flux quantum). 

9. Spinor Structure 

To elucidate the 2 n ~ 1 states of 2n quasiholes further, let us introduce an ap- 
propriate notation. The first half of the macro-grouping will contain rji or i]2 but 
not both, either rjs or rj^ but not both, and so forth. For each reference pair, let 
us denote the appearance of the first member (odd index) in the first half of the 
macro-grouping with a + sign, and the appearance of the second member (even 
index) with a - sign. Then the final basis states are represented by n-component 
arrays of the type (±, ±, ...), with the understanding that arrays which differ by 
an overall change of the sign of every component represent the same state. Clearly 
then there are 2 n ~ 1 states appearing on a very symmetrical basis. Indeed, the 
dimension and form of the final basis set is extremely suggestive of a spinor repre- 
sentation of SO(2n), written in an SO(2) n basis [12]. 

We can interpret this as an expansion of the statistics group. Indeed, the 
interchange of two quasiholes can be considered as a n rotation in configuration 
space in the plane containing their coordinates, leaving the other quasihole positions 
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(8.4) 



fixed. As we will demonstrate below, this operation lifts to an operation on the 
quasihole states, in such a way that there is a natural interpolation to a continuous 
action of SO(2n) x U(l), under which our independent states transform as spinors. 

Actually the basis that we chose above, though suggestive, is not the most 
convenient at this point. As we argued in the previous section, the most convenient 
basis for a discussion of statistics is the one given by the conformal blocks of the 
c = \ + 1 theory. Let us define basis states |ei, €2, ■ ■ ■ , e n ) with e« = ±1 and 
Y\i e i — 1 such that |ei, €2, ■ ■ ■ , e n ) is the conformal block arising from the channel 
in which cr(?72i-l)c(?72i) ~ 1 if = +1 and cr(r]2i-i)a(r]2i) ~ V if e i — _1 - m tnis 

notation, ^( 4 9 /l '°) is | + +) and \I/( 4 5M/2) is | ). As we will discuss shortly, this 

notation implies that the 2n quasihole state space is the representation space for 
the spinor representation of SO(2n). 

The action of an interchange on the 2n-quasihole state space is given by the 
representatives in the spinorial representation of SO(2n) x U(l) ofn/2 rotations 
in the same plane in which the interchange is implemented by a -n rotation in the 
quasiholes' configuration space, C 2n . This is sufficient to specify the action of the 
full braid group since it can be generated by elementary interchanges. The 2n- 
quasihole states are a representation space for the full SO(2n) x U(l), not merely 
the subgroup which represents the braid group. As a result, SO(2n) x U(l) can 
be thought of as a continuous extension of the braid group acting on these states. 

We will verify this assertion in the four-quasihole case with our explicit wave- 
functions (7.17) and (7.18), and give an argument in favor of its validity in the 
2n-quasihole case. 

Recall that S0(2n) representations are constructed from 71,72, • • • ,72n^ 



2G 



71 = 

72 = 



Ti <g> T3 <g> . . . <g) T3 
T2 <g> T3® . . . (g) T3 



72fc-l = 1 ® • • • <S> 1 <S> Ti (8) T3 . . . <g> T3 

(9.1) 

72fc = 1 ® • • • <E> 1 <g> r 2 <g> r 3 <g> . . . <g> r 3 



72n-l = 1 <S> ■ ■ ■ <8> 1 <8> ri 

72n = 1 ® . . . <g> 1 <g> r 2 

where the Tj's are the Pauli matrices. j2k-i and have k — 1 l's to the left and 
n — k t%s to the right of ri and T2, respectively. The generator of rotations in 
the % — j plane is <7y = |i [7i?7j]- The representation space is the vector space 
spanned by the states |ei, e 2 , • • • , e n ) with e% = ±1 and Yii € i = 1- The g th factor in 
the direct products (9.1) which make up the <7jj's acts on = ±1 as if these were 
spin up and spin down. The U(l) action will simply be multiplication by e 1 ®^. 
For an interchange, this will be a factor by e* 71 "/ 4 , as we would expect for charge 
e/4 excitations. 

The spinorial representation of 50(4) is two-dimensional, let us call these states 

I + +) and I ). We will verify that | + +) and | ) transform in precisely 

the same way under the rotation 

e ifai 3 e W4 as y(4qh,0) and ^(4^,1/2) transform 
under an exchange of rji and 773. From (9.1) and the definition of 013, 



«7r/4 if 0-13 



i7r/4 



+ +> = ^ r (l++> + |--» • (9-2) 



Consider, now, an exchange of 771 and 773 in the wavefunction vj/t 4 ?' 1 ' ). Under 
this exchange, 1 — x — > x, so: 



^13^24 



4 



^ (4gM) - ^ (i + V5) l/2 ^d3)(24) + V^*(12)(34)J ■ 0-3) 

At this point the hero of our story, the identity (3.8), enters the fray once more. 
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This identity expresses 1 I / (i2)(34) i n terms of ^(13) (24) and ^(u)(23)- Using it, we 
can rewrite (9.3): 

or, 

* V ' e 7 ^13^24 J I ^= *(13)(24) + ^= V 1 - X W (12 )(34) I . 

(9.5) 

That this is, in fact, equal to 

„wr/4 / 

can be seen with the use of the identity: 

ill 

(1- vi^y ± (1- vi^y = ±v2(i±v^y (9.7) 

The correspondence between 5*0(4) rotations and the action of braiding particles 
can be shown, in a similar fashion, for the other possible braids. 

To extend these considerations to the general case of 2n quasiholes, imagine 
bringing four of the quasihole operators close together in the appropriate conformal 
block. The braiding of one of these four quasiholes around another is governed by 
the operator product expansion, and therefore is generated by the transformations 
we found above in the four quasihole case. This is true for any group of four quasi- 
holes, which allows us to make rotations in any chosen plane of configuration space. 
In this way we construct a correspondence between the elementary exchanges which 
generate the braid group and the rotations which generate SO(2n). 
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10. Black Hole Analogy 



A large number of quasiholes with nearby centers carve out a macroscopic, 
geometric hole in a Hall droplet. Conversely, one constructs wave functions de- 
scribing an annular quantum Hall fluid by notionally inserting an appropriate set 
of quasiholes. It should be noted that the quasiholes in this construction lie outside 
the bulk fluid; in this sense they resemble the image charges of electrostatics. To 
create the deficit appropriate to an area A in the Pfafnan state, one must insert 
ha = ^-A quasiholes. 

n A i 

According to the foregoing analysis, there is a degeneracy 2~ 1 associated to 
this many quasiholes at fixed positions. Thus there is an entropy 



proportional to the area of the geometric hole. This degeneracy is quite indepen- 
dent of the possibility of edge excitations, which correspond to different geometrical 
arrangements of the image quasiholes. 

One notices in (10.1) at least a metaphorical resemblance to the entropy of an 
extremal - zero temperature - black hole. A notable contrast is that the entropy 
here is proportional to the total opposed to the surface area (i.e. the 

perimeter) of the hole. As we have discussed, the states under consideration gener- 
ally differ only with respect to subtle high-order correlations among the electrons. 
In principle, however, all the information is in the exterior wave function - these 
black hole analogues have plenty of hair. 

Is there an analogue of Hawking radiation? There is, although it lacks the uni- 
versality of its gravitational cousin. One might imagine that at the inner edge of the 
Hall annulus there could be a potential gradient, so that it would be energetically 
favorable for the droplet to slowly contract. At finite temperature, this tendency 
would be countered by the loss of entropy associated with decrease of A. The free 
energy would balance at a temperature depending on A (and the potential). If 




(10.1) 
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the system were not closed, but allowed to radiate, there could be an evolution 
mimicking that expected of black holes. Since one has for the analogue system an 
adequate, completely conventional quantum-mechanical description - though the 
states are certainly unusual and exotic in detail - the question of information loss 
does not seriously arise. 

For another analogy between quantum Hall edge states and black holes, which 
seems quite different, see [13] 

11. Discussion 

11.1. Connection to (3,3,1) State 

The so-called (3,3,1) state is another incompressible quantum Hall state at 
v — 1/2. It can arise when one has two distinguishable classes of electrons, such 
as in a double layer system or when both spin up and spin down are relevant. We 
will not review the standard lore on this state here. 

Recently in [3] T.L. Ho pointed out that the (3, 3, 1) state in double-layer 
quantum Hall systems is a paired state that may be continuously deformed into 
the Pfaffian state. At a first glance, this result seems to lead to a contradiction, 
because there are integers intrinsically attached to these states which distinguish 
between them. Specifically, the (3, 3, 1) state is believed to have degeneracy 8 on 
the torus while the Pfaffian has degeneracy 6. Closely related to this, the statistics 
of quasiparticles in the (3, 3, 1) state is supposed to be Abelian, while the Pfaffian 
state supports quasiparticles with non-Abelian statistics. Upon closer scrutiny, we 
will see that there is in fact no contradiction and, in particular, that non-Abelian 
statistics might be observed in a refined treatment of systems crudely described by 
the (3,3,1) state (see also [14]). 

A central point of Ho's paper is that the classic (3, 3, 1) droplet ground state 
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wavefunction may be written in the form: 

» (3A1) = K (*Ht±ffi) Y[ {2 ,- :j f (ill) 

where u and v are up- and down-pseudospin spinors. (Ho's notation is rather 
different.) The equivalence of (11.1) to the conventional form of the (3, 3, 1) wave- 
function is a form of Cauchy's identity. 

If we replace v in (11.1) by v and let v continuously interpolate between v and 
u, then we will have a sequence of states which interpolate between the (3,3, 1) 
and Pfaman states. The (3, 3, 1) state has half- flux quasiholes, which can be placed 
in either layer. A state with one quasiparticle in the upper layer at rji and one 
quasihole in the lower layer at 772 would look like: 

y2qh __ p J uiVj(Zi-Vl)(Zj -Tfr) +UjVi(Zj ~ 7?l) (^ - 77 2 ) \ jr. )2 
(3,3,1) ^ z ._ z . J 11 U 3) 

(11.2) 

However, 

uiVj(zi - m)(zj -m) + u j v i(zj - vi){zi - m) = 

(^Tjj + ujVi)((zi - m)(zj - m) + (zj - vi)( z i -m)) + ( z i - zj)(m - m){^j - ujVi) 



(11.3) 

If we substitute this into (11.2) all terms will vanish upon antisymmetrization 
except for those with no spin-singlet pairs or a single spin-singlet pair: 



, , , j + UjVi) ((:; - m)(zj ~ m) + (zj ~ m)(zi - m))\ ^ 

*(3ad = pf ( —< ) n ^ - *>y 



.UiVj 



Zi Zj 



(U3V4 + U4V3) ((Z3 - 771) (2:4 - 77 2 ) + (Z4 ~ T)l)( z 3 ~ m)) 

+ A[ (771 - m)(uiV2 - u 2 vi) 



Z3 - Z4 



{u 5 V6 + UQV 5 )({z 5 -r]i)(zQ-i]2) + {zQ-r]i)(z 5 -i] 2 )) \ 

^ _ L ... )U(zi-zjy 

Z5 — ZQ / 

(11.4) 

By arguments similar to those below equation (5.3), the 2n-quasihole state can 
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have k = 0,1,..., n spin-singlet pairs. These states form the representations of 
SU(n) consisting of tensors with k antisymmetric upper indices into which the 
spinor representation of SO{2n) decomposes. 

Ho considered a model Hamiltonian for which spin-singlet pairs are energeti- 
cally unfavorable, specifically: 

/ (1L5) 

+ Vt Yl ( P ij;S=l,S z =l + Pij;S=l,S z =-l) S'(zi - Zj) . 
i>j 



Here P{j-s,s z projects Sj + Sj on a state of spin (S, S z ). The multi-quasihole states 
of the (3, 3, 1) state are in one-to-one correspondence with those of the Pfafnan, and 
it is no surprise that the two states can be adiabatically connected. The UiVj+ujVi 
factors are a trivial modification of the Pfafnan, so the non-Abelian statistics which 
we found earlier is exhibited by the quasiholes of this form of the (3, 3, 1) as well. 

Furthermore for such a Hamiltonian the (3,3, 1) state is 6-fold degenerate on 
the torus. Indeed, the Pfafnan part of the wavefunction takes the following form 
on the torus: 

pf ( (ujVj + UjVj) e a ( Zi - Z j) \ = J EW^i ~ z 2 j) nfli(*2z-i ~ *2j-i) v 

V d 1 {z i -zj) ) y Y[0i{z 2i - z 2j -i) 

0a (E Z2i ~~ 2 2t-l) U«2^2i-1 

(11.6) 

where a = 2,3,4. This 3-fold degeneracy, together with the 2-fold center-of-mass 
degeneracy leads to an overall 6-fold degeneracy, as in the Pfafnan state. In other 
words, for this Hamiltonian, the degeneracy and quasihole statistics are the same 
for the (3, 3, 1) and for Pfafnan states - and, of course, for all the states that 
interpolate between them. 
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On the other hand, if we had taken the Hamiltonian: 

H = J2 P i,S z = l/2 Pj,S z =-l/2 6(zi - Zj) 

1+3 , v (H.7) 

+ ^2{ P i,S z =l/2 Pj y S z =l/2 + Pi,S,=-l/2 Pj,S,=-l/2) S"i,Zi - Zj) 
i>j 

(Pi ; S z projects Si on a state with ^-component S z ) then spin singlet-pairs would 
not be energetically unfavorable, and states containing them would be part of the 
degenerate quasihole spectrum. 

Because of this distinction, it is appropriate to write (3, 3, l) p when the pro- 
jected (paired, Pfaffian) universality class is intended, and (3, 3, l) c when the classic 
universality class is intended. The standard model wave function for the droplet 
ground state is the same in either case, but the excitation spectra and the ground 
state degeneracy on a torus differ, as we have seen. 

The additional type of excitation occurring in a system with the Hamiltonian 
(11.7) leads to an increase in the degeneracy on the torus, because the degenerate 
ground states are obtained by creating a pair of excitations, winding one of them 
around a non-trivial cycle on the torus, and annihilating them. The extra two 
states, which lead to an 8-fold degeneracy, have (11.6) replaced by: 

\ ng.o*-«w-i) ME*-*") n J . (n.8) 

In general the terms in both types of Hamiltonians will be present at some 
level. The state with less degeneracy, i.e. the Pfaffian, will in principle give the 
finer description. Of course if the terms that exact an energetic price for the singlets 
are small, as they might well be for a double-layer system (since they involve effects 
depending on coherence between the layers), then the splittings will be small. As 
Vg — > in (11.5), these splittings go to zero. For Vg < 0, spin-singlets are favored. 
For \Vg\ large, this will lead to the breakdown of the state because the creation 
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of quasiparticle-quasihole pairs with associated spin-singlets as in the second term 
in (11.4) will be energetically favored. For \Vg\ small, however, it is possible that 
the (3, 3, 1) ground state is stable while the quasihole states with spin-singlet pairs 
have negative energy. 

11.2. Connection to Merons 

If we allow for spin, and include the effect of Coulomb interactions, then in the 
low Zeeman energy limit, the Laughlin quasiholes deform into Skyrmions [15]. In 
the same circumstances, we expect that the half-flux quasiholes in the paired state 
become merons [16,17]. 

To appreciate this, let us briefly recall the essence of the Skyrmion construction 
[16]. To construct a Skyrmion at the origin, one multiplies the ground state wave 
function by a spin-dependent factor as follows: 

*skyr.(*i) = *0II(a) (1L9) 

The spins of the electrons point up far from the origin, but point down at the 
origin. The charge deficit, which can be inferred from the form of the wavefunction 
at infinity, is spread over a region of radius ~ A. Wavefunctions with skyrmions at 
771,772, ■ ■ ■ ,Vn have the spinor factor in (11.9) replaced by [18] 




(11.10) 



Let us write our Pfaffian factor in the form 

/ hjkj + hjkj 

V z i ~ z j 

where in the polarized ground state the spinor-valued functions h and k simply 
point up everywhere. Now we can apply the 'multi-skyrmion' construction sepa- 



(11.11) 
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rately and independently on the h and k factors: 

i V aGA 

k *=n( n> 

where A and A are the two macrogroupings. In this way half-skyrmions, or merons, 
appear in a natural and canonical fashion. 

This construction gives a new perspective on the significance of the macro- 
groupings. Each macro-grouping of quasiholes contains merons of a single type; 
only by combining two of opposite types do we obtain a Skyrmion. 

In this rather telegraphic indication, for the sake of brevity we have ignored 
some subtle but important refinements of the construction, necessary if we are to 
keep the textured spin directions associated with definite spatial positions and to 
patch together multi-skyrmions (or multi-merons) while keeping the wavefunction 
holomorphic and properly correlated. A fully satisfactory version can be obtained 
by following closely the procedures previously described in [19]. 

11.3. Possible Experimental Consequences 

We will only attempt a few broad remarks concerning the possible experimental 
consequences of the structures we have been discussing here. More work, of a 
different character, will be necessary to give realistic quantitative assessments of 
the possibilities. 

We have already mentioned the interest of probing annular geometries for ana- 
logues of the Hawking process, and the possibility of low-temperature phase tran- 
sitions. 

We have, for a large number of well-separated quasiholes, identified many quan- 
tum states that differ only in subtle high-order correlations. Insofar as thermal 
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(11.12) 
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equilibrium is established among these states, there will be obvious consequences 
for thermodynamic quantities such as the specific heat. On the other hand the 
processes tending to establish equilibrium appear to involve large-scale rearrange- 
ments and may be highly suppressed. The most fundamental such processes involve 
braiding of the quasiholes; but in realistic circumstances these quasiholes will tend 
to be pinned by impurities. We therefore anticipate glassy behavior, i.e. that the 
effective spin-like degrees of freedom we have identified form a spin glass. 

Finally let us note that in the paired, 'Pfafnan' version of the (3, 3, 1) state, 
with singlets projected out, the axis of pairing forms a macroscopic quantum vari- 
able. It couples to a potential difference between the layers, and the possibility of 
Josephson-like effects arises (Compare [20,16,3]). These possibilities are currently 
under investigation. 
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